














A eld theory with local transformations belonging to the quantum
group SU
q
(n) is dened on a classical spacetime. Gauge transformations
for the potentials are given which lead to the appropriate quantum-group
transformations for eld strengths and covariant derivatives, and gauge-
invariant commutation relations are identied.
1 Introduction
A number of authors [1{10] have proposed q-deformations of gauge eld the-
ory. One motivation for this is the prospect of a theory with as large a set
of invariances as conventional gauge theory|and therefore, hopefully, the same
renormalisability properties|but in which the symmetry of physical predictions
is broken without the intervention of extra elds such as the Higgs eld. An-
other motivation is the hope that a consistent quantum theory of gravity may
take such a form. The structures required by these theories, in addition to the
quantum group which replaces the gauge group, are a dierential calculus on the
quantum group, or a deformation of the algebraic structure of space-time and
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the Poincare group, or both. If one's aim is to construct a theory of quantum
gravity, a deformed structure for space-time is a natural ingredient; but for the
rst motivation described above, it would be more natural to construct the theory
on a classical space-time [6], relying on the dierential structure on the quantum
group to provide the gauge theory. A satisfactory dierential calculus, however,
has proved dicult to dene for quantum groups other than GL
q
(n); only in
this case does one obtain a Lie algebra with the same dimension as the classi-
cal one, and therefore a deformed gauge theory with the same number of gauge
elds as the undeformed theory. Moreover, it has not been clear how the gauge
transformations should act on gauge potentials and eld strengths; the transfor-
mation of eld strengths which is natural in the context of quantum groups, and
which is required to give a new gauge theory [3], has not been derived from a
transformation of gauge potentials except by assuming that the parameters of
the transformation do not commute with the elds [6], an assumption which is
rather hard to interpret.
In this note we show how a dierent notion of quantum Lie algebra [11],
not requiring the existence of a bicovariant dierential calculus, can lead to a
very natural notion of gauge transformation in a classical space-time such that
the transformation at each point is an element of a quantum group instead of a
group, and hence to a q-deformed gauge theory based entirely on the Hopf algebra
structure of a quantum groups. The theory contains gauge potentials whose
gauge transformations imply the appropriate Hopf transformation properties for
the eld strengths. The required quantum Lie algebra is known to exist for the
quantum groups SU
q
(n), and is conjectured to exist for the q-deformations of all
simple Lie groups.
The geometry underlying this gauge theory is yet to be fully worked out, but
appears to be very simply related to the geometry of bre bundles underlying
classical gauge theory, with vector bundles over a classical manifold in which the
structure group by which the vectors transform is replaced by a Hopf algebra
(generalising the group algebra of the structure group or|what is conceptually
almost the same thing|the enveloping algebra of the Lie algebra of the structure
group). If this Hopf algebra is the quantised enveloping algebra U
q
(su(n)) it
can also be regarded as an enveloping algebra, being generated by a quantum
Lie algebra [11]; this makes it possible to dene a connection in the Hopf vector
bundle with a similar geometrical meaning to the connection in a vector bundle
with a classical structure group. This geometry is classical in the sense that it has
points in the base manifold; it is not necessary, as it usually is in non-commutative
geometry, to renounce points in favour of functions.
The resulting gauge theory can only be considered as a quantum eld theory;
it cannot be dened as a classical eld theory as the components of the elds
cannot be taken to commute. For consistency with the gauge transformations,
they must satisfy q-commutation relations. In the case of the gauge potentials,
it is not even possible to impose the full set of q-commutation relations; roughly
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speaking, half of the commutators must be unspecied. This feature was also
found by Castellani [6] in his U
q
(n) gauge theory. Unlike Castellani, we do
not need to suppose that the parameters of our gauge transformations are non-
commuting objects.
The theory has the desired feature of a set of gauge transformations as large
as in classical gauge theory, while exhibiting symmetry breaking in its physical
predictions. However, this symmetry breaking is not sucient to provide a non-
zero mass for the gauge elds without some further mechanism such as a Higgs
eld.
2 q-Gauge Transformations
Let H = U
q
(g) be the quantised enveloping algebra of the N -dimensional Lie














where, as is customary, we have omitted the
P
sign in the sum over the terms
in the coproduct on the right-hand side. A quantum Lie algebra g
q
is an N -
dimensional subspace of H with the following properties:
1. g
q
is invariant under the adjoint action, so that the quantum Lie bracket
[x; y]
q
= adx(y) 2 g
q
(2)





generates H as an algebra.
3. The elements of g
q































matrix which has 1 as






























It is known [11] that a quantum Lie algebra g
q
exists for g = su(n), and that
in this case the coproducts of the elements of g
q




























We will illustrate the constructions in this paper by the case of g = su(2), for
which the quantum Lie algebra su(2)
q







































































central element C given by
C
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We would like to make the quantum group H = U
q
(g) into a gauge group by
taking gauge transformations to be elements h(x) of H depending on the space-
time point x, i.e. polynomials (or power series) in the Lie algebra elements X
i
with x-dependent coecients. A gauge potential A

(x) should be a space-time














































where  is a coupling constant. However, the second term here is not well-
dened, since we do not know how to distribute the x-dependence of the co-
product (h(x)) between the two factors before dierentiating the rst factor.
Moreover, the set of gauge transformations h(x) with values in H would be very
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much bigger than the classical gauge group of functions g(x) with values in the
group G whose Lie algebra is g. Such functions can be written as g(x) = expX(x)
where X(x) is a function with values in the Lie algebra g. We therefore restrict
ourselves to gauge transformations of the form
h(x) = f(X(x)) (12)
where f is a polynomial or power series function and X(x) is a function on























(see (5)), and extend to powers of X(x) multiplicatively. Then if h(x) is as in


















where m : H 
H ! H denotes multiplication in H. (What we are doing is to
regard X as an element of H() = F 
H where F is an algebra of c-number
functions on space-time; then we have dened X() and h() as elements of
H()
H() and we can apply @












We will show that 

h(x) belongs to the quantum Lie algebra g
q
.


































































































(x) both belong to g
q





























































































It follows that the transformation law (11) is well-dened for gauge transfor-
mations of the type (12), i.e. that A
0







3 Covariant Derivatives and Field Strengths
Let 	 be a multiplet of elds transforming according to a representation  of the




















Assume that a product of elds transforms under a gauge transformation h(x)
according to the coproduct in H: if elds (x);  (x) transform by
(x) 7! T

[h(x); (x)];  (x) 7! T
 
[h(x);  (x)]
then the product (x) (x) transforms by








;  (x)]: (17)
























































	 is a covariant derivative in the sense that it transforms in the same
way as 	.
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To dene the eld strengths, it is necessary to introduce a second bracket f; g
q
























(   1)(1   c
0





  1 + q
 2
being the value of the central element C in the N -dimensional
adjoint representation [11]. This  is arbitrary to the extent that one can add to








but in general (i.e. if c
0





therefore by (4) the bracket f; g
q
of (19) will be unchanged. In the case of su(2)
q
,
when  has just the two eigenvalues 1 and  c
0








































To investigate their transformation properties, we need only consider an innites-




since the general gauge transformation














































































are not both x-dependent in any term of the
coproduct. Using eq. (6) for adu
j
i
and the denition (19{20) of the bracket f; g
q
,
we nd that the eld strengths transform as they ought to, like ordinary matter










It follows as usual that a gauge-invariant Lagrangian can be constructed by
forming a function of F

, 	 and D

	 which is invariant under constant trans-


































universal R-matrix. For H = U
q
(su(2)) this Lagrangian is
L
F

















Doubts might be felt about our assumption of (17) for the transformation prop-
erties of products of elds. In a quantum eld theory, where symmetry transfor-
mations are implemented by unitary operators, there is no problem: if the gauge
transformation h(x) corresponds to an operator U(h) and elds transform by





then the transformation law for products is a consequence of this. In a classical
theory this is not so clear; moreover, the transformation law for products may
not be consistent with the fact that the components of a classical eld should
commute. In a quantum eld theory this can be allowed for by changing the




(x) be a multiplet of elds transforming according to a representation















 being a space-time index. In the undeformed theory these elds will satisfy











if the elds 	
i

are bosonic (the fermionic case can be treated in a similar way).
















































are the projectors onto the symmetric and antisymmetric
subspaces of the tensor product V 
V of the space V carrying the representation
8
. These equations can easily be made compatible with the quantum group
transformations; it is only necessary to replace 
kl
ij
by the projectors onto the
corresponding invariant subspaces under the action of the quantum group (the
q-symmetric and q-antisymmetric subspaces).
For the gauge potentials A
i

, the inhomogeneous term in the transformation
(11) spoils this compatibility. In order to restore it for one of the sets of com-
mutation relations, it is necessary to make the coupling constant  an operator





























is to produce a term quadratic in A to which the same considerations apply as







































































are not non-constant simultaneously,



































For the adjoint representation (V = g
q
) the q-symmetric and q-antisymmetric
subspaces of V 
V are respectively the kernel and the image of the quantum ip
, so (   1)
+




















is invariant under the gauge transformation (11). However,  does not have  1
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